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a b s t r a c t
The generalization of classical results about convex sets in Rn to abstract convexity spaces,
defined by sets of paths in graphs, leads to many challenging structural and algorithmic
problems. Here we study the Radon number for the P3-convexity on graphs.
A set R of vertices of a graph G is P3-convex if no vertex in V (G) \ R has two neighbours
in R. The P3-convex hull of a set of vertices is the smallest P3-convex set containing it.
The P3-Radon number r(G) of a graph G is the smallest integer r such that every set R of r
vertices of G has a partition R = R1∪R2 such that the P3-convex hulls of R1 and R2 intersect.
We prove that r(G) ≤ 23 (n(G) + 1) + 1 for every connected graph G and characterize all
extremal graphs.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In 1921 Radon [20] proved that every set of d + 2 points in Rd can be partitioned into two sets whose convex hulls
intersect. His result naturally leads to the definition of the Radon number of a general convexity space (X,C) [22] as the
smallest integer k for which every set of k points in X can be partitioned into two sets whose convex hulls with respect to C
intersect.
In the present paper we study the Radon number of the P3-convexity of finite graphs, where some set U of vertices
of a finite graph G is considered to be convex exactly if no vertex of G that does not belong to U has two neighbours in
U , that is, no vertex outside of U is the middle vertex of a path of order 3 starting and ending in U . Next to the geodetic
convexity [16] defined by shortest paths, and the monophonic convexity [11] defined by induced paths in similar ways,
this is one of the natural and well studied convexity spaces defined by paths in graphs. See [4,5,9] for further examples and
insights concerning such convexity spaces. The P3-convexity was first considered for directed graphs, and more specifically
for tournaments [15,18,23,19].
Several of the classical convexity parameters have been considered for abstract convexity spaces [13], such as P3-
convexity. The geodetic number of P3-convexity is the same as the well known 2-domination number [6]. Also the hull
number [3,10] and the Carathéodory number [2,7] have been studied. In [8] we investigated the algorithmic aspects of the
Radon number of P3-convexity proving that:
• it is NP-complete to decide whether a given set R of vertices of a bipartite graph G has a partition as in Radon’s result and
• it is NP-hard to decide for a given split graph G and integer kwhether the Radon number of G is at least k.
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Fig. 1. A type 1 extension.
These strong hardness results motivate the search for good bounds on the Radon number of P3-convexity. After introducing
relevant notions and terminology in Section 2, we prove an upper bound on the P3-Radon number of connected graphs and
characterize all extremal graphs in Section 3. In Section 4 we conclude with some open problems.
2. Preliminaries
We consider finite, simple, and undirected graphs. For a graph G, let V (G) and E(G) denote the vertex set and edge set. For
a vertex u of a graph G, let NG(u) and dG(u) denote the neighbourhood and degree of u in G. Furthermore, let NG[u] denote
the closed neighbourhoodNG(u)∪{u} of u in G. For a setU of vertices of a graph G, let G[U] denote the subgraph of G induced
by U and let G− U denote G[V (G) \ U].
Let G be a graph and let R be a set of vertices of G. The set R is convex1 in G if no vertex in V (G) \ R has two neighbours
in R. The convex hull HG(R) of R in G is the intersection of all convex sets in G containing R. Equivalently, HG(R) is the
smallest set containing R that is convex in G. A Radon partition of R is a partition of R into two disjoint sets R1 and R2 with
HG(R1) ∩ HG(R2) ≠ ∅. The set R is an anti-Radon set of G if it has no Radon partition. The Radon number r(G) of G is the
minimum integer r such that every set of at least r vertices of G has a Radon partition. Equivalently, the Radon number of G
is the maximum cardinality of an anti-Radon set of G plus 1, i.e.
r(G) = max{|R| | R is an anti-Radon set of G} + 1.
Clearly, if R is an anti-Radon set of a graph G and H is a subgraph of G, then every subset of R ∩ V (H) is an anti-Radon set of
H .
For a non-negative integer n, let [n] = {1, . . . , n}.
The convex hull of a set R of vertices can be formed by iteratively adding vertices to R that have two neighbours in R. If
R = R1 ∪ R2 is a Radon partition of R, then forming the convex hulls of R1 and R2 in this way, iteratively adding individual
vertices one at a time to R1 or R2, there is a first vertex that belongs to both sets. This observation immediately implies that
R has a Radon partition exactly if there are two sequences x1, . . . , xa and y1, . . . , yb such that:
• all xi are distinct,• all yj are distinct,• xa = yb is the only common element of the two sequences,• for every i ∈ [a], either xi ∈ R or |NG(xi) ∩ {x1, . . . , xi−1}| ≥ 2, and• for every j ∈ [b], either yj ∈ R \ {yb} or |NG(yj) ∩ {y1, . . . , yj−1}| ≥ 2.
Note that the last two conditions are not symmetric for the two sequences, that is, yb is necessarily required to have two
neighbours among y1, . . . , yb−1. We call the two sequences x1, . . . , xa and y1, . . . , yb Radon witness sequences for R and the
vertex xa = yb a Radon witness vertex for R.
3. The bound
In this sectionwe prove our upper bound on the Radon number of connected graphs and characterize all extremal graphs.
We define a set T of trees using the following two extension operations.
• If T is a tree, v is a vertex of T , and T ′ arises from T by adding three new vertices u′, v′, andw′ and three new edges u′v′,
v′w′, andw′v, then T ′ is said to arise from T by a type 1 extension. See Fig. 1.
• If T is a tree, v is an endvertex of T , w is the neighbour of v in T , w is of degree 2 in T , and T ′′ arises from T by adding
three new vertices u, u′, and v′ and three new edges uv, u′v′, and v′w, then T ′′ is said to arise from T by a type 2 extension.
See Fig. 2.
Let T be defined recursively as the set of trees that consists of K2 and every tree T that arises from a smaller tree in T by a
type 1 extension or a type 2 extension.
Our main result is the following.
Theorem 1. If G is a connected graph, then r(G) ≤ 23 (n(G)+ 1)+ 1 with equality if and only if G belongs to T .
Before we prove this result, we need some lemmas.
Lemma 2. If T is a tree and R is an anti-Radon set of T , then |R| ≤ 23 (n(T )+1). Furthermore, if |R| = 23 (n(T )+1), then T ∈ T .
1 For the sake of brevity and since we only consider one type of convexity, we omit the ‘‘P3-’’ from now on.
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Fig. 2. A type 2 extension.
Proof. We use induction on n(T ). For n(T ) ≤ 2, the desired statement is obvious. Therefore, we assume that n(T ) ≥ 3. For
a contradiction, we assume that either |R| > 23 (n(T )+ 1) or |R| = 23 (n(T )+ 1) but T ∉ T . 
Claim 1. R contains all endvertices of T .
Proof of Claim 1. For a contradiction, we assume that R does not contain the endvertex u of T . Clearly, R is an anti-Radon
set of the tree T − {u}. Hence, by induction, |R| ≤ 23 ((n(T )− 1)+ 1) < 23 (n(T )+ 1), which is a contradiction. 
Claim 2. No vertex of T is adjacent to two endvertices.
Proof of Claim 2. For a contradiction, we assume that the vertex u is adjacent to the two endvertices v and w in T .
Claim 1 implies v,w ∈ R. Since R is an anti-Radon set of T and u ∈ HT ({v,w}), the vertex u does not belong to R and
R′ = (R\{v,w})∪{u} is an anti-Radon set of the tree T−{v,w}. Hence, by induction, |R| ≤ |R′|+1 ≤ 23 ((n(T )−2)+1)+1 <
2
3 (n(T )+ 1), which is a contradiction. 
Let P : u1u2 . . . ul be a longest path in T , that is, u1 is an endvertex of T . Claims 1 and 2 imply u1 ∈ R and dT (u2) = 2. Since
the desired statement is obvious for stars, we may assume that l ≥ 4. Hence dT (u3) ≥ 2.
Claim 3. u2 ∈ R and u3 ∉ R.
Proof of Claim 3. For a contradiction, we assume that u2 ∉ R. The set R \ {u1} is an anti-Radon set of the tree T − {u1, u2}.
Hence, by induction, |R| ≤ 23 ((n(T ) − 2) + 1) + 1 < 23 (n(T ) + 1), which is a contradiction. Hence u2 ∈ R. Since
u2 ∈ HT ({u1, u3}) and R is an anti-Radon set of T , we obtain u3 ∉ R. 
If dT (u3) = 2, then T arises from the tree F = T − {u1, u2, u3} by a type 1 extension and S = R \ {u1, u2} is an anti-Radon
set of F . By induction, |R| ≤ |S| + 2 ≤ 23 (n(F)+ 1)+ 2 = 23 (n(T )+ 1). Hence either |R| < 23 (n(T )+ 1) or |R| = 23 (n(T )+ 1)
and, by induction and the definition of T , T ∈ T , which is a contradiction. Therefore, we may assume that dT (u3) ≥ 3.
Recall that P is a longest path in T , which implies that every path in T between u3 and an endvertex of T that does not
contain u4 has length either 1 or 2. If dT (u3) ≥ 4, then, by the choice of P , symmetry, and Claims 1–3, we obtain the existence
of two neighbours of u3 distinct from u2, say v andw, that belong to R. Now u1, u2, v, w ∈ R and u2 ∈ HT ({u1, v, w}), which
is a contradiction. Hence dT (u3) = 3. By Claim 2, it suffices to consider the following two cases.
Case 1. u3 is adjacent to an endvertex u′2.
By Claim 1, we have u′2 ∈ R. Let S = (R \ {u1, u′2}) ∪ {u3} and F = T − {u1, u′2}. For a contradiction, we assume that S is
not an anti-Radon set of F . Since R is an anti-Radon set of T and u3 ∈ HT ({u2, u′2}), the set S \ {u2} is an anti-Radon set of
F . This implies that u3 is the only Radon witness vertex for S in F . Now u3 ∈ HF (S \ {u3}) ⊆ HT (R \ {u1, u′2}). This implies
that u3 ∈ HT (R \ {u1, u2}) and hence u2 ∈ HT (R \ {u2}), which is a contradiction. Hence S is an anti-Radon set of F and, by
induction, |R| ≤ |S| + 1 ≤ 23 (n(F)+ 1)+ 1 < 23 (n(T )+ 1), which is a contradiction.
Case 2. u3 is adjacent to a vertex u′2 of degree 2 that is distinct from u2, and u
′
2 is adjacent to an endvertex u
′
1.
By Claims 1 and 3, we have u′1, u
′
2 ∈ R. Like in Case 1, it follows that S = (R \ {u1, u′1, u′2}) ∪ {u3} is an anti-Radon set of
F = T − {u1, u′1, u′2}. Hence, by induction, |R| ≤ |S| + 2 ≤ 23 (n(F)+ 1)+ 2 = 23 (n(T )+ 1). Since T arises from F by a type 2
extension, we obtain that either |R| < 23 (n(T )+ 1) or |R| = 23 (n(T )+ 1) and, by induction and the definition of T , T ∈ T ,
which is a contradiction and completes the proof. 
To each tree T in T , we assign a set R(T ) of vertices of T as follows. We denote the vertices as in the definition of the
extensions.
• Let R(K2) = V (K2).
• If T ′ arises from T ∈ T by a type 1 extension, then let R(T ′) = R(T ) ∪ {u′, v′}. See Fig. 1.
• If T ′′ arises from T ∈ T by a type 2 extension, then let R(T ′) = (R(T ) \ {w}) ∪ {u, u′, v′}. See Fig. 2.
Lemma 3. If T belongs to T , then the following statements hold.
(i) R(T ) is an anti-Radon set of T of maximum cardinality, |R(T )| = 23 (n(T )+ 1), and HT (R(T )) = V (T ).
(ii) R(T ) is the unique anti-Radon set of T of maximum cardinality.
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Proof. Since (i) can easily be proved by induction on the order using Lemma 2 and arguments similar to those in the proof
of Lemma 2, we give details only for (ii). We use induction on the order. Clearly, (ii) holds for K2. Now let T be a tree in T for
which (ii) holds. In view of the definition of T , we need to consider the two trees arising from T by a type 1 extension or a
type 2 extension.
Let T ′ arise from T by a type 1 extension and denote the vertices as in the definition of type 1 extensions. Let R′ be an
anti-Radon set of T ′ of maximum cardinality. By (i), we have |R′| = 23 (n(T ′) + 1). Now, arguments similar to those in the
proofs of Claims 1 and 3 in the proof of Lemma 2 imply that u′, v′ ∈ R′ and w′ ∉ R′. Since R = R′ \ {u′, v′} is an anti-Radon
set of T and |R| = 23 (n(T )+ 1), we obtain, by induction, that R = R(T ). Hence R′ = R(T ′).
Next, let T ′′ arise from T by a type 2 extension and denote the vertices as in the definition of type 2 extensions. Let R′′ be
an anti-Radon set of T ′′ of maximum cardinality. By (i), we have |R′′| = 23 (n(T ′′)+ 1). Again, the same arguments as in the
proof of Claims 1 and 3 in the proof of Lemma 2 imply that u, u′, v, v′ ∈ R′′ andw ∉ R′′. Since R = (R′′ \ {u, u′, v′}) ∪ {w} is
an anti-Radon set of T and |R| = 23 (n(T )+ 1), we obtain, by induction, that R = R(T ). Hence R′′ = R(T ′′). 
Lemma 4. If G arises by adding a new edge xy to a tree F in T , then r(G) < r(F).
Proof. Let R be an anti-Radon set of G of maximum cardinality. For a contradiction, we assume that |R| ≥ r(F)− 1. Since R
is also an anti-Radon set of F , Lemmas 2 and 3 imply that R = R(F). Since K2 is complete, F is not K2. Therefore, in view of
the definition of T , we need to consider the following two cases.
Case 1. F = T ′ and T ′ arises from some tree T in T by a type 1 extension.
We denote the vertices as in the definition of type 1 extensions. Note that R = R(T ′) = R(T ) ∪ {u′, v′} and G arises by
adding xy to T ′. If x, y ∈ V (T ), then, by induction, R(T ) is not an anti-Radon set of T + xy, which implies the contradiction
that R is not an anti-Radon set of G. If x, y ∈ {u′, v′, w′}, then xy = u′w′. By Lemma 3(i), we have v ∈ HT (R(T )). Hence
u′ ∈ HG(R(T ) ∪ {v′}), which implies the contradiction that R is not an anti-Radon set of G. Hence, we may assume that
x ∈ V (T ) and y ∈ {u′, v′, w′}. If y = w′ or y = v′, then Lemma 3(i) implies that v′ ∈ HG(R(T ) ∪ {u′}), which implies the
contradiction that R is not an anti-Radon set of G. Hence y = u′. Now Lemma 3(i) implies that u′ ∈ HG(R(T ) ∪ {v′}), which
implies the contradiction that R is not an anti-Radon set of G.
Case 2. F = T ′′ and T ′′ arises from some tree T in T by a type 2 extension.
We denote the vertices as in the definition of type 2 extensions. Note that R = R(T ′′) = (R(T ) \ {w}) ∪ {u, u′, v′} and G
arises by adding xy to T ′′.
If x, y ∈ V (T ) \ {v,w}, then, by induction, R(T ) is not an anti-Radon set of T + xy. If there is some Radon partition of R(T )
in the graph T + xy into two sets R1 and R2 with v,w ∈ R1, then (R1 \ {w}) ∪ {u, u′, v′} and R2 define a Radon partition of
R in G, which is a contradiction. Hence, for every Radon partition of R(T ) in the graph T + xy into two sets R1 and R2, the
two vertices v andw do not belong to the same set. This implies thatw is a Radon witness vertex for R(T ) in T + xy. Hence,
w ∈ HT+xy(R(T ) \ {w}), which implies that a neighbour of w different from v belongs to HT+xy(R(T ) \ {v,w}). This implies
that v ∈ HG(R \ {v}), which is a contradiction.
If x, y ∈ {u, u′, v, v′, w}, then {u, u′, v, v′} is not an anti-Radon set of G, which implies the contradiction that R is not
an anti-Radon set of G. Hence, we may assume that x ∈ V (T ) \ {v,w} and y ∈ {u, u′, v, v′, w}. By symmetry, it suffices to
consider y ∈ {u, v, w}.
If y = u, then Lemma 3(i) implies that u ∈ HG(R \ {u}), which implies the contradiction that R is not an anti-Radon set of
G. Hence we may assume that y ∈ {v,w}.
Regardless of whether y equals v orw, we consider T + xw. By induction, R(T ) is not an anti-Radon set of T + xw. If there
is some Radon partition of R(T ) in the graph T + xw into two sets R1 and R2 with v,w ∈ R1, then, regardless of whether y
equals v or w, (R1 \ {w}) ∪ {u, u′, v′} and R2 define a Radon partition of R in G, which is a contradiction. Hence, for every
Radon partition of R(T ) in the graph T + xw into two sets R1 and R2, the two vertices v andw do not belong to the same set.
This implies thatw is a Radon witness vertex for R(T ) in T + xw. Hence,w ∈ HT+xw(R(T )\ {w}). Since R(T ) is an anti-Radon
set of T , this implies that x ∈ HT (R(T ) \ {v,w}). Now, regardless of whether y equals v orw, we have v ∈ HG(R \ {v}), which
is a contradiction and completes the proof. 
We are now in a position to prove the main result of this section.
Proof of Theorem 1. Let R be an anti-Radon set of G of maximum cardinality and let F be a spanning tree of G. Since R is an
anti-Radon set of F , Lemmas 2 and 4 imply that |R| + 1 = r(G) ≤ r(F) ≤ 23 (n(G)+ 1)+ 1 with equality only if F ∈ T and
G = F , that is, G ∈ T . Furthermore, by Lemma 3, every graph G in T satisfies r(G) = 23 (n(G)+ 1)+ 1, which completes the
proof. 
Note that if the graph G has the connected components G1, . . . ,Gl, then r(G)− 1 = (r(G1)− 1)+ · · · + (r(Gl)− 1).
4. Conclusion
The Radon number of the geodetic convexity of finite graphs has received an especially large amount of attention. This
is probably due to Eckhoff’s conjecture [14] related to Tverberg’s generalization [21] of Radon’s result [20]. Jamison [17]
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proved this conjecture for the geodetic convexity of trees, and Bandelt and Pesch [1] relate the Radon number for Helly
graphs in geodetic convexity to the clique number of these graphs. The special role of the geodetic convexity in this context
was justified by Duchet who actually announced [12] that the partition conjecture would hold in general if it holds for the
geodetic convexity of finite graphs. It is an open problem whether Eckhoff’s conjecture holds for P3-convexity. The precise
statement would be that for every m > 2, every set R of vertices of some graph G with |R| ≥ (m − 1)(r(G) − 1) + 1 has a
partition R = R1 ∪ . . . ∪ Rm intom sets such that HG(R1) ∩ . . . ∩ HG(Rm) ≠ ∅. For further details, please refer to [14].
We close with another open problem concerning a bound on the Radon number. For a graph G, let α˜(G) denote the
maximum order of a set U of vertices of G such that every vertex of G has at most one neighbour in U . Clearly, HG(U) = U
for each such set, which immediately implies that U is an anti-Radon set and thus r(G) ≥ α˜(G) + 1. We conjecture the
existence of upper bounds on r(G) in terms of α˜(G) for general graphs G or at least for trees G.
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